A congruence relation satisfied by Igusa's cusp form of weight 35 is presented. As a tool to confirm the congruence relation, a Sturm-type theorem for the case of odd-weight Siegel modular forms of degree 2 is included.
Introduction
In [5] , Igusa gave a set of generators of the graded ring of degree 2 Siegel modular forms. In these generators, there are four even-weight forms ϕ 4 , ϕ 6 , χ 10 , χ 12 , and only one odd-weight form χ 35 . Here ϕ k is the normalized Eisenstein series of weight k, and χ k is a cusp form of weight k.
The purpose of this paper is to introduce a strange congruence relation of the odd-weight cusp form X 35 , which is a suitable normalization of χ 35 (for the precise definition, see § 2.2). where Θ is the theta operator on Siegel modular forms (for the precise definition, see § 2.5).
This result shows that almost all the Fourier coefficients a(T ; X 35 ) are divisible by 23.
Preliminaries 2.1 Notation
First we confirm the notation. Let Γ n = Sp n (Z) be the Siegel modular group of degree n and H n the Siegel upper-half space of degree n. We denote by M k (Γ n ) the C-vector space of all Siegel modular forms of weight k for Γ n , and S k (Γ n ) is the subspace of cusp forms. Any F (Z) in M k (Γ n ) has a Fourier expansion of the form
where T runs over all elements of L n , and
In this paper, we deal mainly with the case of n = 2. For simplicity, we write
denote the space of all modular forms whose Fourier coefficients lie in R.
Igusa's generators
be the graded ring of Siegel modular forms of degree 2. Igusa [5] gave a set of generators of the ring M (Γ 2 ). The set consists of five generators
where ϕ k is the normalized Eisenstein series on Γ 2 and χ k is a cusp form of weight k. Moreover he showed that the even-weight generators ϕ 4 , ϕ 6 , χ 10 , χ 12 are algebraically independent. Later, he extended the result to the integral case ( [6] ). Namely, he gave a minimal set of generators over Z of the ring
The set of generators consists of fifteen modular forms including the following forms:
Of course, these forms have rational integral Fourier coefficients under the following normalization:
Order and the p-minimum matrix
We define a lexicographical order "≻" for two different elements T = (m, n, r) and
Let p be a prime and Z (p) the local ring consisting of p-integral rational numbers. For
where the "min" is defined in the sense of the above order. If F ≡ 0 (mod p), then we define m p (F ) = (∞).
Remark 2.1. The p-minimum matrices of Igusa's generators are
for any prime number p.
The following properties are essential.
In order to complete the proof of (4), we need to prove that a(
This completes the proof of (4).
Sturm-type theorem
A Sturm-type theorem for the Siegel modular forms of degree 2 was presented in [4] . We introduce the statement of this theorem for the case of level 1. 
we assume that a((m, n, r); F ) ≡ 0 (mod p) for all m, n, r such that 0 ≤ m, n ≤ k 10 and 4mn−r 2 ≥ 0. Then F ≡ 0 (mod p).
We rewrite this theorem for later use:
Proof. The assertion follows immediately from the inclusion In order to prove our main result, we need a Sturm-type theorem for the odd-weight case: Proposition 2.6. Let p be a prime with p ≥ 5 and k an odd positive integer. For
is of even weight. Using Theorem 2.3 directly, we have the following statement: If a((m, n, r); F ) ≡ 0 (mod p) for all m, n, r such that 0 ≤ m, n ≤ k+35 10 and 4mn − r 2 ≥ 0, then F ≡ 0 (mod p). For our purpose, however, the estimation of Proposition 2.6 is better than this estimation.
Proof of Proposition 2.6. First note that
It should be noted that Lemma 2.2 (2) is used to get the last inequality. Since G is of even weight, we can apply Theorem 2.4 to G. This shows that F = X 35 · G ≡ 0 (mod p).
Theta operator
In [3] , Serre used the theta operator θ on elliptic modular forms to develop the theory of p-adic modular forms:
Later the operator was generalized to the case of Siegel modular forms:
cf. [3])). Moreover the following fact was proven:
Theorem 2.8 (Böcherer-Nagaoka [3] ). Assume that a prime p satisfies p ≥ n + 3. Then for any Siegel modular form
Example. Under the notation in § 2.2, we have
Main result
On the basis of the previous preparation, we can now describe our main result. Therefore the proof is reduced to showing that
We now apply Proposition 2.6 to the form G. It then suffices to show that a((m, n, r); G) ≡ 0 (mod 23) for T = (m, n, r) with tr(T ) = m + n ≤ 10.
Since a((m, n, r); G) = −a((n, m, r); G) for the odd-weight form G, this statement is equivalent to a((m, n, r); Θ(X 35 )) ≡ 0 (mod 23) for T = (m, n, r) with tr(T ) = m + n ≤ 9.
We then write down the first part the Fourier expansion of X 35 following the order introduced in § 2.3. For this, we set
The terms corresponding to T = (m, n, r) with tr(T ) = m + n ≤ 9 are as follows: for T = (m, n, r) with tr(T ) = m + n ≤ 9. Therefore, we obtain a((m, n, r); G) ≡ 0 (mod 23)
for T = (m, n, r) with tr(T ) = m + n ≤ 9. Consequently we have (3.1). This completes the proof of our theorem. 
